ABSTRACT Guaranteed cost consensus problems for general linear multi-agent systems with switching topologies are investigated, where both the jointly-connected and connected switching topologies are considered. Each interaction topology in the interaction topology set may not be connected and the union topology in each finite time interval is connected for the jointly-connected switching topology, while each interaction topology is connected for the connected switching topology. In the guaranteed cost consensus problem, a guaranteed cost function is constructed to represent the consensus regulation performance and the control energy consumption. By the state space decomposition approach and some mathematics tools, several sufficient conditions for guaranteed cost consensus with switching topologies are given and design methods for the consensus control gain matrix are presented. When all the general linear dynamic systems achieve guaranteed cost consensus, an upper bound is given for the introduced guaranteed cost function and the consensus function represented the whole motion of all dynamic systems is determined. The effectiveness of the proposed results is demonstrated by numerical simulations.
I. INTRODUCTION
Many complex tasks need to be cooperatively achieved by multiple subsystems in control fields, where each subsystem can be constructed by a general dynamic agent system. For example, distributed consensus-based cooperative spectrum sensing in cognitive radios has recently been studied [1] - [4] , where consensus control of multiple general dynamic systems is the essential issue. In the distributed consensus-based cooperative spectrum sensing scheme, there is no a common fusion center to perform data fusion for the final decision and the multi-agent system is formed by secondary users. As the fundamental cooperative control problem of multiagent systems, consensus refers to multiple general dynamic agent systems asymptotic reaching an agreement on a certain interesting state. In the past decades, many researchers have considered consensus problems and many remarkable conclusions about consensus problems can be seen in the survey papers [5] - [9] and references therein. In existing literatures
The associate editor coordinating the review of this manuscript and approving it for publication was Miguel López-Benítez. about consensus problems, most of conclusions only focused on the consensus regulation performance for multi-agent systems; that is, researchers focused on whether multi-agent systems were able to achieve consensus or not, or on what conditions could multi-agent systems achieve consensus.
In the control procedure of many practice applications, not only the consensus regulation performance need to be analyzed, but also the control energy consumption should be considered. For example, geese flocks often fly in a V-shaped or 1-shaped formations to have the lower energy consumption, multiple robots cooperatively move to guarantee the lower control effort, and so on. In this case, the consensus problem can be seen as an optimal or sub-optimal control problem. Guaranteed cost consensus control is a sub-optimal control method for the consensus problem and it has been investigated in recent years. For multi-agent systems with fixed interaction topology, guaranteed cost consensus problems were widely investigated for first-order dynamic cases in existing works [10] . In second-order case, the existing work [11] and [12] have been given some criteria for the guaranteed cost consensus. For multiple general dynamic systems with fixed interaction topology, Yang et al. [13] have studied the guaranteed cost consensus problems. The influence of time delay on the guaranteed cost consensus control have been studied in [14] and [15] . By proposing a consensus protocol under such an event-triggered scheme, the consensus problem of multi-agent systems with the guaranteed cost has been addressed in [16] and [17] . To investigate the energy consumption involved in the impulsive or sampled-data consensus process, the problem of guaranteed cost consensus for multi-agent systems has been considered in [18] . Moreover, the guaranteed cost consensus for Lipschitz-type nonlinear multi-agent systems has been studied in [19] , and the existing work [20] has addressed the guaranteed cost consensus tracking problem with fixed topologies.
Compared with the fixed interaction topology case, guaranteed cost consensus problems for multi-agent systems with switching topologies are more complicated because of the time-varying neighboring set of each agent. Under the switching topology, the guaranteed cost consensus problems for first-order multi-agent systems have been considered in [21] , where each interaction topology in the interaction topology set is undirected and connected. In [22] , the effect of switching topologies and time delays for guaranteed cost consensus control of first-order multi-agent systems has been studied. Completely distributed guaranteed performance consensus problems for high-order multi-agent systems with switching topologies has been addressed in [23] , where the control energy consumption is not considered and each interaction topology in the interaction topology set is connected. In [21] - [23] , the interaction topology among all dynamic agents in the multi-agent system can be called ''connected switching topology'', while each interaction topology in the interaction topology set may not be connected and this case can be called ''jointly-connected switching topology''. From existing literatures, one can see that the guaranteed cost consensus problems for general linear multi-agent systems with connected and jointly-connected switching topologies have been not investigated.
Motivated by above discuss, guaranteed cost consensus for multiple general linear dynamic systems with jointlyconnected switching topologies and time delays are studied in the current paper. The consensus regulation performance and the control energy consumption were considered simultaneously in the guaranteed cost consensus problem. Compared with the existing works, there are three novel aspects. Firstly, the guaranteed cost consensus problems for multiple general linear dynamic systems are investigated. In most of the existing works (e.g. the references of the survey papers [5] - [9] ), only the regulation performance was addressed. Secondly, guaranteed cost consensus problems under the jointly-connected switching topologies are investigated. In above works about guaranteed cost consensus, the fixed cases were studied and the influence of jointlyconnected switching topologies was not considered. Thirdly, the analysis and design method for general dynamic systems with the connected switching topology is directly given.
In existing works [21] and [22] , the analysis and design methods for first-order were not applied to the general dynamic case. The connected switching topology case has been investigated in [23] , but the control energy consumption is not considered in the work.
The organization of the current paper is as follows. The problem description for guaranteed cost consensus and the structure of jointly-connected switching topologies are presented in Section II. The guaranteed cost consensus problem with jointly-connected and connected switching topologies and time delays are investigated in Section III and Section IV, respectively. Numerical simulations in Section V are followed by the conclusion Section VI.
Notations: A T is used to denote the transpose of matrix A, the notation asterisk * in the symmetric matrix represents the symmetric term, diag{A 1 , A 2 , · · · , A n } represents a blockdiagonal matrix with A i (i = 1, 2, · · · , n) on its diagonal. P T = P < 0 and P T = P > 0 mean that the symmetric matrix P is negative definite and positive definite, respectively.
denotes an N -dimensional column vector with all components 1, 0 is applied to denote zero matrices of any size with zero vectors and zero number as special cases. The symbol ⊗ represent the Kronecker product.
II. PRELIMINARIES
In this section, basic concepts and conclusions about graph theory are presented and the problem for guaranteed cost consensus are described.
A. GRAPH THEORY
In the current paper, the interaction topology among all general dynamic systems of multi-agent systems can be modeled by an undirected graph G = G(V, E, W ). An undirected graph G consists of a node set 
w ij and the in-degree matrix of G as
If there does not exist an isolated node in G, then G is said to be connected. The following lemma shows basic properties of the Laplacian matrix of an undirected graph.
Lemma 1 [24] : Let L ∈ R N ×N be the Laplacian matrix of an undirected graph G, then (i) L at least has a zero eigenvalue, and 1 N is an associated eigenvector; that is, L1 N = 0.
(ii) If G is connected, then 0 is a simple eigenvalue of L, and all the other N − 1 eigenvalues are positive; that is, 0 = λ 1 < λ 2 ≤ · · · ≤ λ N , where λ i ( i ∈ I N ) denotes the eigenvalue of L. VOLUME 7, 2019 B. PROBLEM FORMULATION In the current paper, consider multiple general dynamic systems with N agents indexed by the set I N = {1, 2, · · · , N }. The ith agent system is described as following general linear dynamics modelẋ
where i ∈ I N , system matrices A ∈ R d×d and B ∈ R d×q , x i (t) ∈ R d and u i (t) ∈ R q are the state and the consensus control input of agent i respectively. Here, one can obtain the state vector and the consensus control input vector of the global multi-agent systems are
Then, the multi-agent system can be written aṡ
In this current paper, the switching topologies for the interaction networks of multi-agent systems are considered. All the possible interaction topologies can be described by an interaction topology set
where each graph G m ∈ (m ∈ I M ) may not be connected for the jointlyconnected switching topology and each G m ∈ (m ∈ I M ) is connected for the connected switching topology. For graph G m ∈ , each node stands for an agent, the edge between any two nodes denotes the interaction channel between them, and the weight of the edge corresponds to the interaction strength. In switching cases, σ (t) : [0, ∞) → I M denotes a switching signal, whose value is the index of the interaction topology. In other words, the interaction topology at time T is G σ (t) and its Laplacian matrix is L σ (t) , where G σ (t) is the σ (t) = m (m ∈ I M ) interaction topology in the interaction topology set . One can see that G σ (t) is piecewise fixed and its Laplacian matrix L σ (t) is a constant matrix during some time interval. Based on local relative states information neighbor agents, the consensus control input is considered as
is the neighboring set of agent i, w σ (t) ij is the interaction strength of the edge from agent j to agent i. Then, the consensus control input vector
Thus, the multi-agent system (2) with the consensus control input can be transformed intȯ
represents the state errors between agent j and agent i, define a cost function for multi-agent system (5) as follows
where
with symmetric and positive definite matrices Q x ∈ R d×d and Q u ∈ R q×q . Then, the guaranteed cost function (6) can be rewritten as
with
The definition of guaranteed cost consensus associated with the cost function J C is given as follows.
Definition 1: For the control gain matrix K and the cost function (6), multi-agent system (2) with the consensus control protocol (4) is said to achieve guaranteed cost consensus if there exists a vector-valued function c(t
where c(t) is called a consensus function and J *
C is said to be a guaranteed cost. Definition 2: For the cost function (6), multi-agent system (2) is said to be guaranteed cost consensalizable by the consensus control protocol (4) if there exists a control gain matrix K such that the multi-agent system achieves guaranteed cost consensus.
Remark 1: From the mathematical point of view, the cost function (6) is a scalar function with the variable δ ij (t) and u i (t). For the different control input, the cost function has a different scalar value. In the physical view, J Cu represents the energy consumption for the consensus control and J Cx represents the consensus regulation performance for multi-agent system (5), and then the cost function (6) is an energy type performance index. In this current paper, the motivation is to obtain a tradeoff between J Cu and J Cx by choosing an appropriate control gain matrix K when the coefficient matrices Q x and Q u are given. Moreover, the state errors satisfy lim t→∞ δ ij (t) = 0 (i, j ∈ I N , i = j) when multiagent system (5) achieve guaranteed cost consensus.
III. GUARANTEED COST CONSENSUS WITH JOINTLY-CONNECTED SWITCHING TOPOLOGIES
In this section, it is assumed that the switching topologies during the time interval [t n , t n+1 ) (n = 0, 1, 2, · · · ) for multiagent systems are jointly-connected. The jointly-connected switching topologies among all general dynamic agent systems are addressed firstly. Analysis and design of the guaranteed cost consensus problem are presented. The consensus function represented the whole motion of all dynamic systems is given.
A. JOINTLY-CONNECTED SWITCHING TOPOLOGY
In this current paper, the jointly-connected switching topology for the interaction networks of multi-agent systems is considered. In this cases, the continuous time t ∈ [t 0 , ∞) is seen as an infinite time sequence of nonempty and contiguous time intervals [t n , t n+1 ), n = 0, 1, 2, · · · , where the initial time is t 0 = 0 and each time interval satisfies 0
where T d j is the time length of the subinterval [t n j , t n j+1 ), T d > 0 is the minimum length of all the time subintervals and l n > 0 is a integer. Figure 1 shows the time relationship between the time interval [t n , t n+1 ), n = 0, 1, 2, · · · and its time subinterval [t n j , t n j+1 ) (j = 0, 1, 2, · · · , l n − 1). Let the topology during the time subinterval [t n j , t n j+1 )
with its Laplacian matrix L n j , and let the union topology during the time interval [ 
with its Laplacian matrix L n . In this case, the node set V n of G n is the sum aggregate of the all node sets V n j of G n j and the edge set E n of G n is the sum aggregate of the all edge sets E n j of G n j . Then, let
When the topology G n j in each time subinterval may be connected or disconnected and the union topology G n in each time interval is connected in the current paper, the switching topology is called jointly-connected switching topology. Then, from the Lemma 5 of the existing work [25] , the following lemma can be obtained.
Lemma 2: The switching topologies are jointly-connected during the time interval [t n , t n+1 ) (n = 0, 1, 2, · · · ), if and only if the Laplacian matrix of the union topology satisfies r n = rank(L n ) = N − 1, where rank( ) represents the rank of a matrix.
Remark 2:
One can see that each time interval [t n , t n+1 ), n = 0, 1, 2, · · · and its time subinterval
For all time subintervals [t n j , t n j+1 )(n = 0, 1, 2, · · · ; j = 0, 1, 2, · · · , l n − 1), these time subintervals may have different time length; that is, T d j (j = 0, 1, 2, · · · , l n − 1) may be different for each n and j. For the time interval, it has similar characteristic, i.e. T n (n ≥ 0) maybe different for each n. Then, one can see that there are at least l 0 = T 0 /T d time subintervals for the time interval [t n , t n+1 ) and l 0 ≤ l n (n = 0, 1, 2, · · · ) holds, where T 0 /T d rounds the T 0 /T d to the nearest integer less than or equal to T 0 /T d . Furthermore, there is one interaction topology G n j in each time subinterval [t n j , t n j+1 )(n = 0, 1, 2, · · · ; j = 0, 1, 2, · · · , l n −1). It should be pointed out that the topology G n j in each time subinterval may be connected or disconnected and the union topology G n in each time interval is connected in this section.
B. ANALYSIS OF GUARANTEED COST CONSENSUS PROBLEM
By the structure of Laplacian matrix, one can see that a Laplacian matrix at least has a zero eigenvalue, and then there exists an orthogonal matrix
which satisfies (11) and (12), one can see that L m has same nonzero eigenvalues with L m andL σ (t) has same nonzero eigenvalues with L σ (t) . Moreover, let 0 < λ
σ (t) can be used to represent the r σ (t) nonzero eigenvalues of L σ (t) . Meanwhile, letλ 2 and λ N are the minimum and maximum nonzero eigenvalues of the all the Laplacian matrix of the topologies in topology set respectively; that is,λ 2 = min{λ 
, then multi-agent system (5) can be transformed into two subsystems as followinġ
Before obtaining the main results, the following lemma in [26] should be introduced.
Lemma 3: Given the time sequence [t n , t n+1 ), n = 0, 1, 2, · · · and its time subsequence [t n j , t n j+1 ) (j =
Then, it can be obtained that
In the squeal, one can obtain the following main results about guaranteed cost consensus problems with jointlyconnected switching topologies.
Theorem 1: Suppose that the switching topologies during the time interval [t n , t n+1 ) (n = 0, 1, 2, · · · ) are jointlyconnected. For the control gain matrix K and the cost function (6), multi-agent system (2) with the consensus control protocol (4) the achieves guaranteed cost consensus if there exists d-dimensions matrix P = P T > 0 such that PA + A T P ≤ 0 and i < 0 (i = 2, N ), where
Proof: For κ c (t) and κ r (t) in (13), let
where 0 ∈ R 1×(N −1)d in (16) and 0 ∈ R 1×d in (17) . Due to U 0 is an orthogonal matrix, then x c (t) and x r (t) are linearly independent. By (13) and U T 0 U 0 = I , the relationship x(t) with x c (t) and x r (t) is
Because the first column of U 0 is 1 N √ N , one has
Then, multi-agent system (2) with the consensus control protocol (4) achieves consensus if and only if subsystem (15) is asymptotically stable; i.e. 
In the squeal, the asymptotically stability of subsystem (15) is studied. Consider the following Lyapunov functional candidate
Next, the time derivative of V (t) during each time interval [t n j , t n j+1 ) (n = 0, 1, 2, · · · ; j = 0, 1, 2, · · · , l n − 1) along the trajectory of (15) iṡ
Because L σ (t) is time-invariant during each time interval
Then, let
By the state space change of (24),V (t) satisfieṡ
wherē
Obviously,J C ≥ 0 holds. Thus,
From (27), one can see thaṫ
if PA + A T P ≤ 0, where
is a diagonal matrix. By (28), there exists an orthogonal matrix Z
Because the switching topologies are jointly-connected during the time interval [t n , t n+1 ) (n = 0, 1, 2,
By (26),V (t) =˙ (t) −J C ≤ 0 holds when˙ (t) ≤ 0. Then, one has V (t) ≤ V (0) and ς(t) ≤ ς(0) over t ∈ [0, ∞).
Thus, ς (t) andς (t) is bounded over t ∈ [0, ∞). By (15) and (24), κ r (t) andκ r (t) is bounded over t ∈ [0, ∞). Moreover, from (22), one can see thatV (t) is related to κ r (t) andκ r (t).
Thus,V (t) is bounded over t ∈ [0, ∞). Then, by Lemma 3, one has lim t→∞V (t) = 0. Due toV (t) ≤ 0, it is obtained that
Thus, lim t→∞ςi (t) = 0 with i = 1, 2, · · · , N − 1 holds. And then, lim t→∞ κ i (t) = 0(i = 1, 2, · · · , N − 1). Therefore, lim t→∞ V (t) = 0 and the subsystem (15) is asymptotically stable. By the Schur complement, if i < 0 (i = 2, N ) is feasible, theñ
hold at the same time. By the convex property of Linear Matrix Inequalities (LMIs), it can be obtained that
) is feasible if (33) and (34) hold.
By (13) and (24), the cost function (7) can be transformed into
In (26), one can see that
Then, by lim t→∞ V (t) = 0, it is obtained that J C ≤ V (t)| t=0 = V (0). In summary, if PA + A T P ≤ 0 and i < 0 (i = 2, N ) are feasible at the same time, multi-agent system (2) with the consensus control protocol (4) the achieves guaranteed cost consensus, and the cost function satisfies J C ≤ V (0).
Remark 3: In fact, the guaranteed cost consensus problem with switching topologies on each right open interval [t n j , t n j+1 )(j = 0, 1, 2, · · · , l n − 1) can be seen as the problem with fixed topologies, where the initial state x(t n j ) is the ultimate state x(t − n j ) of the previous time interval [t n j−1 , t n j ). In this case, the curve of x(t) and κ r (t) are continuous. Then, the Lyapunov functional candidate V (t) is continuous and its curve has some break points at the switching point t n j . One can see thatV (t) is piecewise continuous. When multiagent system (2) achieves consensus, lim t→∞ κ r (t) = 0 and lim t→∞JC = 0 hold on t ∈ [0, +∞). Therefore,˙ (t) = V (t) +J C ≤ 0 always holds on t ∈ [0, +∞) including the switching points.
When multi-agent system (2) with the consensus control protocol (4) the achieves guaranteed cost consensus, the next theorem gives the guaranteed cost for the cost function (6) , where the guaranteed cost is an upper bound of the cost function.
Theorem 2: When multi-agent system (2) with the consensus control protocol (4) the achieves guaranteed cost consensus with the d-dimensions matrix P = P T > 0, the guaranteed cost satisfies
From the proof of the Theorem 1, one has J C ≤ V (0). Then, one can see that the guaranteed is related to the variable κ r (t). From (13) , one has
where 0 ∈ R (N −1)d×d . Meanwhile, by the structure of U 0 in (11), the U 0 satisfies
Then, one has
Thus, by V (t) = κ T r (t) (I N −1 ⊗ P) κ r (t), it is obtained that VOLUME 7, 2019 where
Because the orthogonal matrix U 0 satisfies U 0 U T 0 = I N , it can be seen that 1
Remark 4: By using the state space decomposition approach, the guaranteed cost consensus problem is transferred into the guaranteed cost stability problem in the proof of Theorem 1, where PA + A T P ≤ 0 is the requirement of the joint-connected switching topologies. In the proof of Theorem 1, two space transformationsŪ σ (t) and Z (i) σ (t) are used to deal with the guaranteed cost consensus problem with jointly-connected switching topologies. From Theorem 2, it is obtained that the guaranteed cost upper bound is related to the initial state x(0), while the joint-connected switching topology is not impact on the guaranteed cost upper bound. From the proof of Theorem 2, there exists conservatism induced by the approach. One can obtain the actual cost J T at time T by (7) where the upper limit of integral ∞ is replaced by T .Then, the conservatism of the proposed method can be depicted by the difference between J * C and J T .
C. DESIGN OF GUARANTEED COST CONSENSUS PROBLEM
When the matrix P and the gain matrix K are unknown at the same time, there are the nonlinear term PBK in the Theorem 1 and the conclusion cannot be solved by the LMI tool. The next theorem gives an approach to determine the gain matrix K for the guaranteed cost consensus with jointconnected switching topologies. Theorem 3: Suppose that the switching topologies during the time interval [t n , t n+1 ) (n = 0, 1, 2, · · · ) are jointlyconnected. For the cost function (7), multi-agent system (2) with the consensus control protocol (4) is said to be guaranteed cost consensus if there exists a d-dimensions matrix P =P T > 0 and a matrixK ∈ R m×d such that AP+PA T ≤ 0 and˜ i < 0 (i = 2, N ) are feasible, wherẽ
In this case, the control gain matrix satisfies K =KP −1 and the guaranteed cost satisfies
Proof: Firstly, pre-and post-multiplying the PA+A T P ≤ 0 in Theorem 1 by P −T and P −1 , one has
Then, pre-and post-multiplying the
In (41) and (42), settingP = P −1 andK = K P −1 , it is obtained that AP +PA T ≤ 0 and˜ i < 0 (i = 2, N ) are hold. Therefore, by Theorems 1 and 2, the results of Theorem 4 can be obtained.
D. CONSENSUS FUNCTION
When multi-agent system (2) with the consensus control protocol (4) the achieves guaranteed cost consensus, the next theorem gives the consensus function.
Theorem 4: When multi-agent system (2) with the consensus control protocol (4) the achieves guaranteed cost consensus under jointly-connected switching topology, the consensus function satisfies
Proof: When multi-agent system (2) with the consensus control protocol (4) the achieves guaranteed cost consensus, one has lim t→∞ κ r (t) = 0.
Then, it is obtained that the motion of the multi-agent system is determined by the subsystem (14) ; that is, the consensus function is determined by (14) . From (14) , one has
By (13) and the structure of the matrix U 0 , it can be obtained that
Then, one can see that
From (18) and lim t→∞ κ r (t) = 0, one has lim t→∞ x r (t) = 0. Then, the state vector satisfies
By the Definition 1, the consensus function satisfies
Therefore, the consensus function can be obtained from (46) and (48). Remark 5: From Theorem 4, one can see that the jointconnected switching topologies and the guaranteed cost function are not impact on the consensus function; that is, the joint-connected switching topologies do not harm to the motion characteristic of all agents as a whole.
IV. GUARANTEED COST CONSENSUS WITH CONNECTED SWITCHING TOPOLOGIES
In this section, it is assumed that the switching topologies during the time interval [t n , t n+1 ) (n = 0, 1, 2, · · · ) and its time subinterval [t n j , t n j+1 ) (j = 0, 1, 2, · · · , l n − 1) for multiagent systems are connected; that is, the topology G n j in each time subinterval is connected. For the connected switching topology, one can see (11) and (12) satisfy that
and
respectively. Then, there exists an orthogonal matrixŪ
eigenvalues of L m and 0 < λ
σ (t) can be used to represent the N − 1 nonzero eigenvalues of L σ (t) . Moreover, letλ 2 andλ N are the minimum and maximum nonzero eigenvalues of the all the Laplacian matrix of the topologies in interaction topology set respectively; that is,λ 2 = min{λ
Based on Section III, some conditions for analysis of the guaranteed cost consensus problem are presented directly.
Theorem 5: Suppose that the switching topologies during the time interval [t n , t n+1 ) (n = 0, 1, 2, · · · ) and its time subinterval [t n j , t n j+1 ) (j = 0, 1, 2, · · · , l n − 1) are connected. For the control gain matrix K and the cost function (6), multi-agent system (2) with the consensus control protocol (4) the achieves guaranteed cost consensus if there exists ddimensions matrix P = P T > 0 such that i < 0 (i = 2, N ), where
In this case, the guaranteed cost satisfies
Similar with the proof of Theorem 1, multi-agent system (2) with the consensus control protocol (4) achieves consensus if and only if subsystem (15) is asymptotically stable; i.e. lim t→∞ κ r (t) = 0. Then, the following Lyapunov function candidate V (t) = κ T r (t) (I N −1 ⊗ P) κ r (t) is considered and there iṡ
Therefore, by
Here, define˙
Obviously,J C ≥ 0 holds. Thus, with
The rest part for the proof is similar with Theorem 1 and is omitted. Theorem 6: Suppose that the switching topologies during the time interval [t n , t n+1 ) (n = 0, 1, 2, · · · ) and its time subinterval [t n j , t n j+1 ) (j = 0, 1, 2, · · · , l n − 1) are connected. For the cost function (6), multi-agent system (2) with the consensus control protocol (4) is said to be guaranteed cost consensus if there exists a d-dimensions matrixP =P T > 0 and a matrixK ∈ R m×d such that˜ i < 0 (i = 2, N ) are feasible, wherẽ
Corollary 1: When multi-agent system (2) with the consensus control protocol (4) the achieves guaranteed cost consensus under connected switching topology, the consensus function satisfies
Remark 6: The existing works [21] investigated guaranteed cost consensus problems for first-order linear multiagent systems with switching topologies and each interaction topology in the interaction topology set was connected. Then, the works [21] can be seen as a special case of the current paper. The guaranteed cost consensus problem for multiple general dynamic systems with fixed topologies was studied in [13] , one can see that the connected switching topology has no direct effect on the guaranteed cost consensus control, and the work [13] is a case of this section when there only one interaction topology in the interaction topology set.
Remark 7: Section IV gives the analysis and design methods for the guaranteed cost consensus problem with connected switching topologies. Compared with the jointlyconnected switching topology cases, the condition PA + A T P ≤ 0 is not necessary to the connected switching topology cases. It can be seen that
is needed to the connected switching topology cases. Moreover, from Theorem 4 and Corollary 1, one can see that the whole motion of all dynamic systems is related to the system matrix A and the initial states x(0) and is not related to the interaction topology.
V. NUMERICAL SIMULATIONS
A multi-agent system with six homogeneous agents is considered in this section, where each agent is labeled from 1 to 6 and then the index set of agents is I N = {1, 2, · · · , 6}. The dynamic of each agent is depicted by (1) with
In cost function (6), the coefficient matrices are
The initial states of all agents are randomly chosen as
The interaction topology set with four undirected graphs is given in Figure 2 , then = {G 1 , G 2 , G 3 , G 4 } and the index set of graphs is I M = {1, 2, 3, 4}. Without loss of generality, the weights of edges of all interaction topologies are 1, and corresponding adjacency matrices are 0-1 matrices. Example 1 (Jointly-Connected Switching Topology Case): To observe the jointly-connected switching topology, the switching signal of the simulation is
The switching signal G JS σ (t) is shown in Figure 3 , where the time subinterval T d = 0.5s and the time interval T 0 = 2s; that is, the time length of all time subintervals is same in this simulation. Then, one can see that the switching signal G JS σ (t) satisfies the assumption of the obtained conclusions of this case.
From Figure 2 , it can be seen that each graph is disconnected, but the union topologies G A = G 1 ∪ G 2 and G B = G 3 ∪ G 4 are connected, and then the union topology 4 of all graphs in the interaction topology set is connected. One has the eigenvalues of all Laplacian matrices are .
FIGURE 4. State trajectories
respectively. Then, the minimum and maximum nonzero eigenvalues satisfyλ 2 = 1 andλ N = 3, respectively. By Theorem 3, K =KP −1 and P =P −1 , one has In the simulation, each agent of the multi-agent system is depicted by the continuous-time dynamics as (1) and the simulation step is T s = 0.001s in the numerical simulation. Figures 4 to 6 give the state trajectories of the multi-agent system, where the trajectories marked by red solid lines .
is able to converge to the corresponding consensus function in Figures 4 to 6. Then, it is clear that the jointly-connected switching topology do not harm to the motion characteristic of all agents as a whole. One the other hand, the solid line in Figure 7 is the trajectories of the cost function, and the dot dash line represents the guaranteed cost J * C = 273.3837 which is obtained by Theorem 2. One can see that J T ≤ J * C and the trajectory of the cost function J T has some break points by the switching signal. Therefore, the multi-agent system with the jointly-connected switching topology achieves guaranteed cost consensus from Definition 1.
Example 2 (Connected Switching Topology Case): In Figure 2 , the interaction topology G 1 ∪ G 2 is denoted by G A and the interaction topology G 3 ∪ G 4 is denoted by G B . One can see that G A and G B are connected. For the connected switching topology case, the switching signal of the simulation is
In the switching signal G CS σ (t) , the time subinterval T d = 0.5s and the time interval T 0 = 1s. Then, one can see that the switching signal G CS σ (t) satisfies the assumption of the obtained conclusions of this case. One can see that the eigenvalues of the Laplacian matrices of G A and G B are .
In this simulation about the connected switching case, the simulation step is also T s = 0.001s. Figures 8 to 10 give the state trajectories of the multi-agent system and the curves of the consensus function obtained by Corollary 1, where the consensus function of this case is same as the jointly-connected switching topology case. It can be seen that J T ≤ J * C from Figure 11 . Thus, by Definition 1, it is obtained that the multi-agent system with the connected switching topology achieves guaranteed cost consensus.
VI. CONCLUSION
Under jointly-connected and connected switching topologies, the guaranteed cost consensus problems for multi-agent systems were investigated in the current paper. Some criteria for guaranteed cost consensus were presented and a guaranteed cost of the guaranteed cost function was determined. The topology is assumed to be undirected in each time instant and the Laplacian matrix of undirected topology is symmetric. Because the Laplacian matrix associated with a directed topology is asymmetric, the analysis approach in the current paper does not apply to the directed topology case and this case should be discussed in another work. Moreover, applications of the control approach addressed in the current paper, such as the guaranteed cost consensus-based cooperative spectrum sensing, should be deeply studied in the future research.
